Abstract We study the transmission coefficient and the transmitted power through an SMS sensor with transverse misalignment. We use the Finite Element Method to calculate the modes distribution by numerically solving the wave equation. The results show that the maximum transmission can be obtained when the misalignment is greater than zero due to the n = m LP nm excited modes. Additionally, the transmitted power as function of the temperature shows that it is significant only in the aligned case.
Introduction
Fiber optic based sensors using intermodal interference have been intensely studied in basic research and in sensing applications such as strain and temperature [1, 2] , refractive index [3, 4] , edge [5] and as a band-pass filter [6] . The SMS (singlemode-multimode-singlemode) sensor is composed of a multimode fiber (MMF) spliced between two singlemode fibers (SMFs) [7, 8] , as illustrated on Fig. 1(a) . In this device, the output transmission depend on external conditions such as temperature and strain. Another important parameter is the transverse misalignment between the longitudinal axis (z) of the fibers in the two splicing interfaces. In most cases, a perfect alignment -no transverse displacement in the xy plane between the fiber ends-is wanted. However, in practice there is always a small lateral misalignment due to the R. S. Grisotto · P. F. Gomes Instituto de Ciências Exatas e Tecnológicas, Universidade Federal de Goiás, CEP 75801-615, Jataí, Brazil. E-mail: paulofreitasgomes@ufg.br F. Beltrán-Mejía Instituto Nacional de Telecomunicações -INATEL, Santa Rita do Sapucaí -MG, Brazil. experimental errors caused by fusion splicing or free-space misalignment, and in some cases this displacement can be useful for sensing applications [9] .
Experimental techniques have been developed to measure the transmission after the first interface [10, 11, 12] enabling the alignment by measuring the displacement with a microscope or maximizing the transmission. Flamm et al [13] measured the transmission of different modes from one SMF to a MMF and observed that for circular symmetric modes LP 01 and LP 02 the transmission have its maxima when the two fibers are perfectly aligned. For not circular modes LP 11 and LP 21 the maxima are for a non zero displacement. In a more realistic scenario, when the three fibers are not axially aligned (lateral displacement greater than zero), LP nm modes without circular symmetry (n = m) will be excited in the MMF [13] .
Here, we study the transmission coefficient and the transmitted power transmitted through a SMS sensor as function of both an arbitrary transverse misalignment and the temperature. In the next section we introduce the theoretical concepts needed for the modal analysis. Later, in the results, we used the Finite Element Method (FEM) to calculate the mode distribution by numerically solving the full-vectorial wave equation. A coupling analysis is presented for the various modes excited in the MMF fiber. Finally, results and discussion lead towards the concluding remarks.
Model
We chose a germanium doped multimode fiber and calculate its material dispersion using the Mixed Sellmeier equation [14] , where A i = A i (x) (the oscillator strength) and l i = l i (x) (the oscillator wavelength) depend on the Ge concentration x (the values of these constants are in Ref. [14] ). We assumed linear interpolation between the two materials to calculate the A i and l i as function of x. The single mode fiber used in all the simulations has core radius a with refraction index n 1 and n 0 for the core and cladding layer, respectively. At 24 • C (room temperature), the MMF has core radius b and refraction index n(x g , λ 0 ) and n(x s , λ 0 ) for the core and cladding layer, as in (1). The concentrations of germanium for the core and the cladding layer are x g and x s , respectively. The radius for the cladding layer on both fibers is c. The values for all these parameters are on Table 1 
Transmitted power with transverse misalignment
In our model a SMF couples light into a transverse misaligned MMF by an amount ∆ x and ∆ y in the x and y directions as shown in Fig. 1(b) . The electric field of the optical modes on the fiber were computed from the wave equation:
We label E 1 as the single mode on SMF, E 2 as the fundamental mode on MMF and E 3 , E 4 , E 5 and E 6 as the excited higher order modes on the MMF. At the first interface E 1 can be represented as an expansion of the MMF modes,
Because we are considering non circular symmetric modes, we wrote the mode spatial dependence as x, y instead of r = x 2 + y 2 . The propagated mode at MMF at a distance z from the first interface is
where j = √ −1 and β i is the propagation constant of the mode E i . The coefficients T i are the transmission intensities through one interface considering different modes on the MMF. In our case, we computed them as function of the transverse misalignment,
The normalization integral is N i = |E i | 2 dxdy and the superposition one is S i = E 1 E i dxdy with i = 2, 3, 4, 5 and 6. For example, T 3 is the transmission intensity for the E 3 mode on the MMF. We computed T i for the displacements −b < ∆ x, ∆ y < b, by numerically evaluating the integrals over all the computational domain [16] . The total transmission T t is the sum of all the transmissions coefficients,
All the calculations were numerically implemented on the open source platform R [17] . The reflection of the incident wave in the first interface between SMF and MMF (due to the difference of the refraction indexes) was neglected [18] .
Fractional modal power of the SMS device
The transmission through the SMS sensor involves the transmission coefficient by two interfaces with an interference effect on the second one. Using (2), the transmitted power of the SMS device considering a length L is [1, 19] ,
In order to better verify the contribution of the first and second modes (E 2 and E 3 ) we also computed their power,
The transmission loss [23] is defined as,
In order to illustrate the practical implementation of the misaligned SMS, we studied the effect of the temperature t on the computed powers by using the temperature dependence of the MMF refraction index [1] ,
where n 0 represents the refractive index at room temperature t 0 = 24 • C and dn dt is the thermo-optic coefficient. We consider only a small segment s < L of the MMF to be heated (see Fig. 1(a) ). The length s and radius b of the MMF at temperature t are s(t) = s 0 + αs 0 (t − t 0 ) and b(t) = b 0 +αb 0 (t −t 0 ) where s 0 and b 0 are the values at temperature t 0 . We used α = 5 × 10 −5 / • C, which is the value for fused silica [20] . The transmission coefficients T i will be affected by temperature due to the refraction index n(t) and the core radius b(t). The temperature dependence of the phase is written as [1] :
where β i (t) is the temperature-dependent propagation constant of the ith mode.
Results

Transmission coefficients
The computed modes on the SMF and MMF are displayed on Figs. 2(a) to 2(f). These can be identified as linearly polarized (LP) optical modes [21, 22] : E 1 and E 2 are LP01, E 3 is LP11, E 4 is LP21, E 5 is LP02 and E 6 is LP31. The transverse misalignment was created by shifting the mode E 1 and letting the MMF modes be centered at the origin of the xy plane. For example, the mode E 1 plotted on Fig. 2(a) was displaced ∆ x = 15 µm and ∆ y = 10 µm. Fig. 3 shows the transmission coefficients as function of ∆ y using (3) with ∆ x = 0. It can be seen how the transmission is maximum only when the maxima of the two modes match. We can clearly see that modes E 2 and E 5 have maximum transmission when the two fibers are aligned. Transmission to the fundamental mode T 2 is the second highest and T 4 has a smaller maximum which is almost the same intensity as the maximum of T 6 . All these results show the relevance of the excited modes in the transmitted signal. 
The computed transmission coefficients considering an arbitrary displacement T i (∆ x, ∆ y) are displayed on the Figs. 4(a) to 4(e). For each displacement (∆ x, ∆ y), the mode E 1 was shifted accordingly and then the integral T i (Eq. 3) was computed. The scale on the color bar of Fig. 4(d) is the highest, in agreement with Fig. 3 . We can also see that T 3 has a maximum in the ∆ y axis while T 6 has it in the ∆ x axis, showing the lack of circular symmetry for the displacement, feature better seen on the total transmission coefficient T t (displayed on Fig. 4(f) ). It has a primary maximum in the center and two other secondary maxima at (∆ x, ∆ y) = (±6, ∓16) with 97 % of the intensity of the primary one.
Transmitted power of the SMS device
In Fig. 5(a) it is shown the graphic of SMS power P t as in (5), where the principal maximum is in the center (no displacement), two secondary maxima at (∆ x, ∆ y) = (±5, ∓17) and other two tertiary maxima at (∆ x, ∆ y) = (±17, ±5). As before, for each displacement (∆ x, ∆ y) one integral was performed. The intensities of the secondary and tertiary maximum are 11 and 4.8 % of the primary maximum intensity.
In the case of the SMS sensor there are two interfaces between the two fibers which reduces the intensity of the a)
∆x ( misaligned maxima. The graphic of P 23 (Eq. (6)) is shown on the Fig. 5(b) . A primary maximum is in the center and two secondary ones are at (∆ x, ∆ y) = (±5, ∓15) and have 20 % of primary maximum intensity. This maximum intensity is one order or magnitude lower than the one in Fig. 5(a) . These results show that although the excited modes E 4 , E 5 and E 6 were not significant enough to create maxima for the misaligned case (∆ x, ∆ y) = (0, 0), they contributed to the maximum intensity in the aligned case ∆ x = ∆ y = 0.
The effect of the temperature is shown on the Fig. 6(a) with the graphic of P t and P 23 vs. ∆ y for the temperatures 0, 10, 20, and 30 • C. For ∆ y > 15 µm, P t and P 23 are negligible, which indicates that the transmitted power is significant only in the aligned case. In this case (∆ x = ∆ y = 0), a lower temperature implies in a larger contribution of the excited modes E 4 , E 5 and E 6 . Fig. 6(b) shows the graphics of the power loss L as function of the temperature. The power loss L 23 (considering only the modes E 2 and E 3 ) was rather insensitive to the temperature, reason why only the one at 30 • C is shown. For all ∆ y we have L t > L 23 , specially for ∆ y > 15 µm, showing the importance of the excited modes in the lower temperature case. Again, the power loss is significant only in the aligned case. 
Conclusions
As conclusions, we have studied the transmission through an SMS device by numerically evaluating the superposition integrals of the electromagnetic modes. We computed the transmission considering five modes on the multimode fiber as function of the transverse misalignment between the fibers. We observed that when modes without circular symmetry are considered there can be maxima in the transmission with the two fibers misaligned. We also included the effect of the temperature and we observed that the transmitted power is significant only in the aligned case and that the lower temperature implies in a larger contribution of the excited modes E 4 , E 5 and E 6 .
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